Abstract-Photonic crystals (PCs) are widely applied in microwave engineering, antenna engineering and so on. Properties of PCs are often analyzed by the FDTD method. Propagation modes of PCs are one of the important properties. However, FDTD method cannot distinguish degenerate or nondegenerate mode due to its calculation procedure. This paper indicated that an effective classification technique of the degenerate and non-degenerate mode in the FDTD analysis of PCs using a group theory.
I. INTRODUCTION
In recent years, PCs are widely investigated in microwave and antenna engineering [1, 2, 3, 4, 5] . PCs which exhibit novel characteristics that may not be found in nature are artificial periodic structures composed of dielectric, or magnetic, or metallic materials. The analysis of propagation modes in periodic structures is often analyzed by the FDTD method. The FDTD method solves the Maxwell 's equations within the unit cell in time domain by applying a periodic boundary condition. In the FDTD method, the propagation modes are identified as the spectral peaks obtained from the Fourier transform of the electric fields in the time domain [6, 7] . However, the FDTD method cannot distinguish degeneration mode due to its calculation procedure. Because, in the degeneration mode, two propagation modes are existing at one spectral peak. On the other hand, a group theory has been applied classification of propagation modes in PCs. In this paper, the group theory is applied to distinguish degenerate and non-degenerate mode in the FDTD analysis of PCs.
II. CLASSIFICATION 
The structure is also invariant under the mirror reflection σ y that changes y to −y. Furthermore, they are σ' d , which changes (x, y) to (y, x), and σ" d , which changes (x, y) to (−y,−x). The structure is also invariant when it is rotated by 90, 180, or 270 degrees counterclockwise about the origin. These symmetry operations are denoted by C 4 , C 2 (≡ C ). C n generally means rotation by 2π/n radian. Together with the identity operation E that keeps the structure as it is, all these symmetry operations constitute the C 4v point group:
These symmetry operations in two dimensions can be represented by a 2×2 matrix. In addition, the C 4v has four one-dimensional irreducible representations A 1 , A 2 , B 1 , B 2 and one two-dimensional irreducible representation E. Here, one-dimensional irreducible representation means that the propagation mode is not degenerate and two-dimensional irreducible representation means that the propagation mode is doubly degenerate.
First, we consider A 2 mode of the one-dimensional irreducible representation as an example. We denote the character of the A 2 representation by χ A2 and the eigenfunction of A 2 mode by f A2 (r // ). We denote any symmetry operation of the C 4v point group by R. 
Here, χ A2 (R)=1 means that the distribution of the electric fields is invariant before and after symmetry operation. Besides, χ A2 (R)= -1 means that the magnitude of the distribution of the electric fields reverses before and after symmetry operation. As for other one-dimensional irreducible representations, the same kind of equation holds. Next, we consider E mode of the two-dimensional irreducible representation. Since degenerate has two eigenfunctions that have the same eigenfrequency, we denote f E (1) (r // ) and f E (2) (r // ) respectively
We transform this equation Fig.1(b) shows its first Brillouin zone. The Γ, X, M points in Fig.1(b) denote (0,0) , (±π/a,0), (±π/a, ±π/a), respectively. First, we consider the Γ point. All symmetry operations in the C 4v point group keep the Γ point invariant.
In the case of the M point, the rotation operation C 4 and the mirror reflection σ x keep the M point invariant because these two X points and four M points are equivalent to each other, since the difference between them is just a linear combination of the elementary reciprocal lattice vectors.
In the same way, the structure is invariant under other six symmetry operations. Thus, at the M point, it classifies the modes by using the C 4v point group. Fig.1(a) and we analyze by TM mode. Fig.2(a)(b) shows the electric field distributions that are observed at ωa/2πc=0.556 at the M point and ωa/2πc=0.389 at the Γ point of the model, respectively. The dielectric constants of the cylinders and the background are 8.9 and 1.0, and the ratio of the lattice constant to the radius of the cylinder is 1:0.2 and 1: 0.4, respectively. If we classify these distributions of electric field by reference to Table I , we can readily see that they are E mode. Fig.2(c)(d) shows the distribution of the electric fields that observed at ωa/2πc=0.853 at the M point and ωa/2πc=1.655 at the Γ point when medium is PEC, the ratio of the lattice constant to the radius of the cylinder is 1:0.2 and 1: 0.4, respectively. In the same way, we can readily see that they are E mode. Fig.2(e) shows the classified modes and the dispersion relation at the Γ and M point that is dielectric contants of the cylinders and the background are 8.9 and 1.0, and the ratio of the lattice constant to the radius of the cylinder is 1:0.2. Here, the points are the FDTD mehod and the lines are the plane wave expansion method. We can see that E mode calculated by the FDTD method conforms to degenerate calculated by the plane wave expansion method. In the case of the cllinders that medium is PEC, we can also classify degenerate mode as E mode. V. CONCLUSION In this paper, we applied the group theory to the FDTD analysis, in order to classify degenerate and non-degenerate mode. As a result, the effectiveness have been confirmed by classifition of two different models.
